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Theory of Computation

Course Code: CSE-0613-2101 Credits:

CIE Marks:

Exam Hours: SEE Marks:

Course Learning Outcome (CLOs): After Completing this course successfully,
the student will be able to...

Describe the concepts and formalisms used in formal language theory and automata theory, including the notions of
regular and context-free languages, finite automata, pushdown automata, and Turing machines.

Understand the fundamental results and techniques in automata theory and complexity theory, such as the pumping
lemma, decidability, NP-completeness, polynomial-time reductions, and approximation algorithms.

Create and design automata, regular expressions, context-free grammars, and Turing machines to solve problems and
recognize languages.

Apply the concepts and techniques of automata theory to solve problems in various areas, such as computer science,
linguistics, and engineering.

Identify the limitations of automata and formal language theory, and appreciate the broader implications of these
limitations on the theory and practice of computer science.




SUMMARY OF COURSE CONTENT

COURSE CONTENT

Introduction: Formal language theory, Formal proof, Inductive proofs and Central concepts of automata theory.

Finite Automata: Deterministic finite automata, Nondeterministic finite automata, Finite automata with e-transitions,
Equivalence and conversion of deterministic and nondeterministic finite automata.

Regular Expressions and Languages: Regular expressions, Algebraic laws for regular expressions, Regular languages,
Pumping lemma.

Context Free Grammar and Languages: Context free grammars, Parsing (or derivation) and parse trees, Ambiguity in
grammars and languages, Normal forms for context-free grammars, Pumping lemma for CFL’s.

Push Down Automata: Push down automata, Acceptance by empty store and final state, Equivalence between
pushdown automata and context-free grammars, Deterministic push down automata.

Turing Machines: Turing machines, The church-Turing machine, Techniques for Turing machine construction,
Configurations, Computing with Turing machines, Restricted Turing machines, Turing machines and computers,
Combining Turing machines.

Undecidability and Complexity Theory: Recursively enumerable language, the undecidability of the halting problem, 6
Undecidable problems about Turing machines, Post’s correspondence problem, Complexity theory including the
classes P, NP, examples of problems in these classes, NP completeness, Polynomial time reducibility, The Cook-Levin
theorem, examples of NP complete problems, approximation algorithms, and probabilistic algorithms.

Recommended Books:

1. Introduction to Automata Theory, Languages, and Computation by John E. Hopcroft, Rajeev
Motwani, and Jeffrey D. Ullman

2.  Theory of Computation by Michael Sipser




ASSESSMENT PATTERN

CIE- Continuous Internal Evaluation (90 Marks)

Bloom's Categor Tests Assignments Quizzes Attendance
Marks (out of 90 (45) ?15) (15) (15)
Remember 5 03

Understand 5 04 05

Apply 15 05 05

Analyze 10

Evaluate 5 03 05

Create 3)

SEE- Semester End Examination (60 Marks)

Bloom's Category Test
Remember i
Understand 7

Apply 20
Analyze 15
Evaluate 6

Create 5




Introduction to Theory of
Computation

Finite Automata

Equivalence of NFA & DFA

Regular Languages and
Expressions

Context-Free Grammars and

Languages

Pushdown Automata

Turing Machines

Revision and Recap

Practical Applications of Theory

Lecture, multimedia, group
discussion

Explain DFA and NFA, conversion,
and applications through
interactive sessions and exercises

Explore equivalence proofs
through lectures and problem-
solving workshops

Lecture, multimedia, interactive
sessions

Lecture, multimedia, and practical
examples on CFG creation and
parsing techniques

Lecture and problem-solving
sessions focusing on PDA and CFG
relationships

Implement Turing machines
through hands-on practice and
explore their significance

Review through group discussions
and interactive sessions to
consolidate knowledge

Hands-on exercises applying
concepts to real-world
computational problems

Feedback, Q&A, assessment of
LOs

Feedback, Q&A, quizzes

Group activities, quizzes,
assignments

Feedback, Q&A, group discussions

Midterm Quiz, hands-on practice

Feedback, Q&A, assessment of
LOs

Group assignments, feedback,
quizzes

Feedback, problem-solving
assessments

Case studies, group work

CLO1

CLO2

CLO2

CLO3

CLO4

CLOS

CLO6

CLO1-8

CLO9



Mid Examination

Decidability and Computability

Complexity Theory

Equivalence of NFA & DFA
(Revisited)

Revision and Recap

Feedback and Future Directions

Final

Documentation/Presentation

Final Examination

Summative evaluation covering
the entire course content

Interactive discussions on
undecidability problems and
hands-on exploration of key
topics

Lecture, problem-solving
sessions on P, NP, NP-complete,
and NP-hard problems

Deep understanding with
further problem-solving on
equivalence

Consolidate topics with a focus
on problem-solving and exam
preparation

Reflective discussions on the
course and exploration of
research opportunities

Showcase application of Theory
of Computation concepts in a
practical or research project

Summative evaluation covering
the entire course content

Written exam, case studies

Feedback, Q&A, Midterm Exam

Feedback, Q&A, quizzes

Practical exercises, quizzes

Final Term quizzes, feedback

Participation feedback

Presentations, project

assessment

Written exam, case studies

CLO1-9

CLO7

CLO8

CLO2

CLO1-8

CLO10

CLO1-10

CLO1-10
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THEORYOF COMPUTATION

The Theory of Computation is the branch of
computer science that deals with how efficiently
problems can be solved on a

using an

The field Is divided into three major branches:
Automata theory and language

Computability theory

Complexity theory



COMPLEXITY
THEORY

The main question asked in this area Is “What makes some
problems computationally hard and other problems easy?”

A problem is called “easy”, if it Is efficiently solvable.

Examples of “easy” problems are (i) sorting a sequence of, say,
1,000,000 numbers, (i1) searching for a name in a telephone
directory.

A problem is called “hard”, if it cannot be solved efficiently, or if
we don’t know whether it can be solved efficiently.

Examples of “hard” problems are (i) factoring a 300-digit integer
Into Its prime factors.

Central Question in . Classify problems
according to their degree of “difficulty”. Give a proof that
problems that seem to be “hard” are really “hard”.



COMPUTABILITY
THEORY

Computability theory In the 1930°s, G odel, Turing, and Church
discovered that some of the fundamental mathematical problems
cannot be solved by a “computer”.

To attack such a problem, we need formal definitions of the
notions of computer, algorithm, and computation.

The theoretical models that were proposed in order to understand
solvable and unsolvable problems led to the development of real
computers.

Central Question in . Classify
problems as being solvable or unsolvable.
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| 1l € These are used to deflne programming Ianguages and in Artificial Intelligence.
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These form a simple abstract model of a “real” computer, such as your PC at home.

Automata Theory




* THEORYOF COMPUTATON

~ What are the mathematical properties of computer
hardware and software ?

“What is a and what Is an ?
Can we give mathematical definitions of these
notions?

“What are the of computers? Can

“everything” be computed?

Develop formal mathematical models of

computation that reflect real-world computers
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ng on the features we want to focus

ed the finite automaton. 25 AT
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'Good models fol ute | kext‘remely limited amount of memory. For

- example, various household appliances such as dishwashers and electronic e
- thermostats, as well as parts of di I watches and calculators.

* The design of such devices requwes keeplng the methodology and terminology of

- finite automata in mind. , ’
* Next we will analyze an example to get an idea. '



FINITE STATE MACHINE

* The finite state machine represents a
mathematical model of a system with certaininput.

* The model finally gives certain output.

* Theinput is processed by various states, these states are
called as intermediate states.

* Thefinite state system is very good design tool for the
programs such as and



DEFINITION OF FINITE AUTOMATA

Afinite automata isacollection of 5-tuple(Q,2,0,q,,F) Where,
Q isfinite set of states, which is nonempty.

> isinput alphabet, indicates inputset.

0 istransition function or mapping function. We candetermine the
next state using thisfunction.

Jo iISaninitial state andisin

F issetof finalstates.

0 = Delta



o =S
d

ut Tape: It is a linear tape having
- some number of cells. Each input
- symbolisplacedin eachcell.

i

Finite Control:The finite  control
L Fi“itel decides the next state on receiving
sediliis particular input from inputtape.




EXAMPLE

Front Rear
pad pad

Figure: Top view of an automatic door

REAR REAR
BOTH BOTH
NEITHER FRONT

Figure: State diagram for Automatic door controller

Input Signal
NEITHER | FRONT | REAR BOTH
CLOSED | CLOSED OPEN CLOSED CLOSED
2a OPEN CLOSED OPEN OPEN OPEN

Figure: State Transition table for automatic door controller

Automatic doors swing open
when sensing that a person.is
approaching.

An automatic door has a pad
in front to detect the presence
of a person about to walk
through the doorway.

Another pad is located to the
rear of the doorway so that —

The controller can hold the
door long enough for the
person to pass all the way
through.

The door does not strike
someone standing behind
it as it opens.



TERMINOLOGY

0,1
Figure: A finite automaton called M, that has three states.

The above figure is called state diagram of Mj;.

It has three states, labeled q;, g,, and g;.

The start state is q,, indicated by the arrow pointing at it from no where.
The accept state, g,, is the one with a double circle.

The arrow going from one state from another are called transitions.

The symbol(s) along the transition is called /abel.

M, works as follows —

The autc|>1maton receives the symbols from the input string one by one from left
to right.

After reading each symbol, M, moves from one state to another along the
transition that has the syml}JoI as its label.

When it reads the last symbol, M, produces the output.
The output is ACCEPT if M, is now in an accept state and REJECT if it is not.
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o & A_fter feedlng the mput strlng 1101 to th'e above machine, the processing proceeds
- as follows —

Start in state qy;

* Read 1, follow transition from g, to q,;
* Read 1, follow transition from g, to g;
* Read 0, follow transition from g, to gs;
* Read 1, follow transition from g5 to g;

Accept, as the machine M, is in an accept state g, at the end of the input
string.






TYPES OF AUTOMATA

The Finite Automata is called
Deterministic Finite Automata if there is only one path for a
specific input from current state to next state.

It can be represented as follows:
. A machine M = (Q,Z,9,q,,F) Where,
Q is finite set of states, which is non empty.

> is input alphabet, indicates input set.

0 is transition function or mapping function. We can
determine the next state using this function.

Jo IS an initial state and is in Q

F is set of final states.

Where 0:Q XX ->Q



TYPES OF AUTOMATA

The Finite Automata is called
Non Deterministic Finite Automata if there are more than one
path for a specific input from current state to next state.

It can be represented as follows:
A machine M = (Q,Z,9,q,,F) Where,
Q is finite set of states, which is non empty.

> is input alphabet, indicates input set.

0 is transition function or mapping function. We can
determine the next state using this function.

Jo IS an initial state and is in Q

F is set of final states.

Where 0:Q X X -> 2Q



DIFFERENCE BETWEEN DFA &

NFA

For Every symbol of the alphabet,
there is only one state transition in
DFA.

DFA cannot use Empty String transition.

DFA can be understood as one machine.

DFA will reject the string if it end
at other than accepting state.

Backtracking is allowed in DFA.

DFA is more difficult to construct.

We do not need to specify how does
the NFA react according to some
symbol.

NFA can use Empty String transition.

NFA can be understood as multiple little
machines computing at the same time.

If all of the branches of NFA dies or
rejects the string, we can say that NFA
reject the string.

Backtracking is not always allowed in
NFA.

NFA is easier to construct.
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TYPES OF AUTOMATA

The Finite Automata is called
Deterministic Finite Automata if there is only one path for a
specific input from current state to next state.

It can be represented as follows:
. A machine M = (Q,Z,9,q,,F) Where,
Q is finite set of states, which is non empty.

> is input alphabet, indicates input set.

0 is transition function or mapping function. We can
determine the next state using this function.

Jo IS an initial state and is in Q

F is set of final states.

Where 0:Q XX ->Q



TYPES OF AUTOMATA

The Finite Automata is called
Non Deterministic Finite Automata if there are more than one
path for a specific input from current state to next state.

It can be represented as follows:
A machine M = (Q,Z,9,q,,F) Where,
Q is finite set of states, which is non empty.

> is input alphabet, indicates input set.

0 is transition function or mapping function. We can
determine the next state using this function.

Jo IS an initial state and is in Q

F is set of final states.

Where 0:Q X X -> 2Q
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~ Automaton

’remPOr'ar'Y memory

Automaton

—'|_nput memory

CPU

[ oufput memory

Program memory




Finite Automaton

Input String

Finite .

Output String

Automaton
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b it is determined. : e S S S
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qo‘ The |n|t|al/start|ng state g

F A set of flnal/acceptrng states,jwhlch is a subset of Q

& A transition function, which is a total function from Q x 2 to Q 1 N\

. ¥

0:(Qx2)—Q ©bisdefinedforanyqginQandsinZ, and
6(g,s) =9’ is equal to some state g’ in Q, could be q’'=q

Intuitively, 6(q,s) is the state entered by M after reading symbol s while in state g.



9 9 91 9 Y0 Y accpeted

One state is final/accepting, all others are rejecting.

The above DFA accepts those strings that contain an even number of 0’s, including
the null string, over Sigma = {0,1}

L = {all strings with zero or more 0’s}

Note, the DFA must reject all other strings






. «
3 Afinite input alp

The initial/starting state, q is in Q

do
N - F Asetoffinal/accepting states, which is a subset of Q
& A transition function, which is a total function from Q x 2 to 22 P NN

6:(Qx2)—  :2%is the power set of Q, the set of all subsets of Q &(q,s)
:The p such that there is a transition

labeled s from q to p

7 6(q,s) is a function from Q x S to 22 (but not only to Q)



PROPERTIES OF NFA

0,1 /XO,].
()
a a, as

 We already know DFA, so it would be sufficient to look into the
differences of properties between the two.

* In NFA a state may have —

e Zero or more exiting arrows for each alphabet symbol.

e Zero or more exiting arrows with the label .

* So we can see that, not all steps of a computation follows in a
uniqgue way from the preceding step. There can be multiple choices
to move from one state to another with a symbol. That’s the reason
it’s computation is called nondeterministic.



RUNNING AN NFA

If we encounter a state with multiple ways to proceed —
* The machine splits into multiple copies of itself and follows all the possibilities in parallel.
* Each copy of the machine takes one of the possible ways to proceed and continues as before.
* If there are subsequent choices, the machine splits again.

If a state with an € symbol on an exiting arrow is encountered without reading any input, the machine
splits into multiple copies,

* one following each of the exiting e-labeled arrows and
e one staying in the current state.

If the next input symbol doesn’t appear on any of the arrows exiting the state occupied by a copy of the
machine, that copy of the machine dies, along with the branch of the computation associated with it.

If any one of these copies of the machine is in an accept state at the end of the input, the NFA accepts the
input strings.

So, nondeterminism may be viewed as a kind of parallel computation wherein several processes can be
running concurrently.

If at least one of these processes accepts then the entire computation accepts.
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. as ¢ {a,} ¢ /4 \\
dy {a,} {a,} ¢ a

* a, is the start state.
* F,={a,}.

’\7

J



v e 3={0, 1} " s ]
e 5, is givenas— .

bl ¢ {bz} {b3} 5 | \
b2 {b2/ b3} {b3} ¢ | i
b3 {bl} ¢ ¢

* b, is the start state.

,—\7 % F2={b1}-




EQUIVALENCE BETWEEN NFA & DFA

* Every NFA has an equivalent DFA.
* Let N=(Q, %, 9, q,, F) be the NFA recognizing some language A.

* Constructa DFAM =(Q, Z, o', q,, F') which recognizes A.
* Q'=7P(Q), power set of Q.
* Every state of M is a set of states of N.

* Let E(R) ={qg | g can be reached from RcQ by traveling along 0 or more &
arrows, including the members of R themselves}.

* ForBeQ'andae?, 0'(B,a)={g €Q’' | g €E(o(r, a)) for some r €B}.

* Each state B may go to a set of states after reading any symbol a. So,
we take the union of all these sets.

* Gy = E({qo}).

* M starts at the state corresponding to the collection containing all
the possible states that can be reached from the start state of N
along with the garrows.

* FF={D €Q'| D contains an accept state of N}.
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" b, = start state; -

o, IS given as —

UEal ¢

byl¢ {by}  {bs}
by | {by bg} {bg} ¢
b3 | {by} ¢ ¢

- Qy={by,by,bs}; 2={0,1};

| — .} ..l

' @b, by}
_ B{b,, by}
@b, by}
@ {b,, b,}
@ {b,, b,, b,}
B {b,, b,, b,}

2={0, 1}.
q, = E({b,}) = {b,, bs} is the start state;
F={{b;}, {by, b,}, {by, b3}, {by, b,, b3}}.

N




9= Ol
q, = E({b,}) = {b,, bs} is the start state;
=0, 1 s (b, bal, by, by b3l

T, ¢
B b, b} " (b}
B _B{b,, b;}

D NG D) B{b, by} {by, bs)
‘ 01 by o 1. ! . {bl'b3} {blr b3} {bz}
: ~ {by, b3} B {b,, by, b3}  {b3}

@ N ()., b, b} @ {b,, b, by} {b,, b}

0,1






REGULAR EXPRESSION

Regular expression describes languages.

Regular expression can be build up using regular operations.

Precedence order: * o U

Example:

* (0L1)0* = ({0} {1})e{0}* = {0,1}e{0O}*
A = {w | string w starts with a 0 or a 1 followed by zero or more 0’s}

* (0L1)* = ({0ju{1})* ={0,1}*
A = {all possible string with Os and/or 1s}.



FORMAL DEFINITION OF REGULAR EXPRESSION

* Ris a regular expression if R is —
e g for some a € X, represents the language {a}.

e g represents the language {&} containing a single string, namely, the empty
string.

* ¢, represents the empty language that doesn’t contain any string. L(¢*) = {&}.
* (R,UR,), where R, and R, are regular expressions,

* RU ¢=R, but R U &may not be equal to R.
* (R,®*R,), where R, and R, are regular expressions,

* Re £=R, but R e g may not be equal to R.

* (R;*), where R, is a regular expressions,



EQUIVALENCE WITH FINITE AUTOMATA

* Let convert regular language R into an NFA considering the six cases in
the formal definition of regular language.

* R=a,aei. Then L(R)={a}, and the NFA that recognizes L(R) is —
a

* R=¢. Then L(R)={¢}, and the NFA that recognizes L(R) is —

_,©

* R=¢. Then L(R)= ¢, and the NFA that recognizes L(R) is —

_,Q



EQUIVALENCE WITH FINITE AUTOMATA

* R=R,UR,.Then L(R)={R,,R,}, and the NFA that recognizes L(R) is —

g OOO O ()1 iz

O 2\
; oo@@J Ry

* R=R;*R,. Then L(R)={R,R,}, and the NFA that recognizes L(R) is — R; R,

—EO oOoOO: 88 ’6 %" © @]

Za e
—O0Q 0”0 O
* R=R,*. Then L(R)={R,}*, and the NFA that recognizes L(R) is — ; :C:) O O Q] Ry
ST, A






CONVERTING A DFA TO A REGULAR EXPRESSION

e This can be done in two parts. For this we introduce a new type of finite automata called generalized
nondeterministic automaton, GNFA.

* First, we will convert a DFA to GNFA, and
* then GNFA to regular expression.
* GNFA has the following special form —
* Transition labels might be in regular expression form.

* The start state doesn’t have any incoming arrow
from any other state.

* There is only one accept state, and it doesn’t
have any outgoing arrow to any other state.

e Start state is never the same as accept state.

 There is only one outgoing arrow to any other
state and to itself, except the start and accept
states. We will consider ¢ labeled outgoing arrows,
if no transition exists between any two states.




CONVERTING A DFA TO GNFA

e Add a new start state with an ¢
arrow to the old start state.

 Add new accept state with ¢ arrows
from the old accept states.

e |f any arrows have multiple labels,
union the previous labels into one
label.

 Add arrows with ¢ label between
states where there are no arrows.
This won’t change the language as
¢ label arrows can never be used.

* Even we might ignore adding such
arrows, as these are arrows which
can be assumed to be there with no
use.




FORMAL DEFINITION OF GNFA

* A generalized nondeterministic finite automaton is a 5-tuple,
(Q) z) é; qstart; qaccept) Where Tk

Qs the finite set of states,
* Jisthe input alphabet,
* 0:(Q-{qdsared) X (Q-{Gucceptt) = R is the transition function,
* (.. IS the start state,
* Qaccept IS the accept state.
* A GNFA accepts a string win 2* if w = w,w,...w,, where each
w; is in 2* and a sequence of states q,, g, ...q, exists such that —

* (o=(... IS the start state,
* 04=0,ccep IS the accept state, and

* For each i, we have w, €L(R.), where R.= d(q. , q.);
i.e., R. is the expression on the arrow from g ; to g..
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e'.g. ( @/{} = Empty Set )
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- L2=Set of all;sfi:ings over X of length 3

={aaa,aab,aba,abb,baa,bab,bba,bbb} Finite Set

L3= Set of all strings over 2 where each string starts with ‘@’

a ={a,aa,ab,aaa,aba,aaaa,.....} Infinite set
7



2 of Iength P .

bb} S RANY

23 Set of all strmgSaover this 2 of length 3
={aaa, aab, aba,abb,baa,bab,bba,bbb} ,*’/:44—73\
>° = Set of all strings over this X of length 0 »

={e}




L3es* : /\\

So, all language is subset of Z*

- e.g. € =Subset



g

ST i
=g

438 é t ‘ i x"‘ A 7 ik, .
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\ Not‘_Empty Set
1. Finite Set
2. Infinite Set




AR

. D ] 11
I‘ .
Q6 08 |

KNy



(EXPR)

(EXPR) (EXPR)

.(EXPR) [ (EXPR) (EXPR) (EXPR)




AMBIGUITY - DERIVATION

* When we say that a grammar generates a string ambiguously, we mean that the
string has two different parse trees, not two different derivations.

* A derivation of string w in a grammar G is a leftmost derivation if at every step
the leftmost remaining variable is the one replaced.

* Then we can say, a string w is derived ambiguously in CFG G if it has two or more
different leftmost derivations.

* Grammar G is ambiguous if it generates some string ambiguously.

e Some CFLs can only be generated by ambiguous grammars. Such languages are

called inherently ambiguous.
Example: {01132 | i=7 or j=k}



CHOMSKY NORMAL FORM

* |t is often convenient to have CFGs in simplified form. One such form is Chomsky
normal form.

* A context free grammar is in Chomsky normal form if every rule is of the form

Asv> . BC
e

where a is any terminal and A, B, and C are any variables — except that Band C
may not be the start variable.

In addition S =2 ¢ is permitted, where S is the start variable.



CONVERT ANY GRAMMAR G TO CHOMSKY NORMAL FORM

* Add a new start symbol S, and the new rule S, S, where S was the
original start symbol.

* Eliminate all ¢ rules of the form 2 =2 g, where A is not the start
symbol.

 Add rule R>uv for every rule of the form R=2>uAv, where u and v are
strings of variables and terminals.

 Add such rules for every occurrence of A. for example, add R2>uvAw,
R2uAvw, R2uvw forthe rule of the form R2>uAvAw.

 Add R—=2>¢ for the rule of the form R—=2>A2, unless we have previously removed
the rule R2¢.



CONVERT ANY GRAMMAR G TO CHOMSKY NORMAL FORM

* Eliminate all unit rules of the form2a -2 B.

e Addrule2 - u fortherule of the form B > u, unless this was a unit rule previously removed.
* Here u is a string of variables and terminals.

* Convert remaining rules Into proper form,
R—2>PQ and R—>u.

* We replace each rule of the form A - u,u,..u, with the rules A>u,A,, A,2u,A,,
B U-L., .., A ,2u, juL

s Fere™ k-2 5 and each u, is a variable or terminal symbol,
and A.’s are new variables.

* If k = 2, replace any terminal u. in the preceding rule(s) with the new variable U, and the rule
0 gibkp

* The above procedure converts a Grammar to a Chomsky normal form. Next, we will go
through an example.






RECOGNIZING CONTEXT FREE LANGUAGES

* Regular Languages (RL) are recognized by the computational model Finite Automaton (FA),
examples: DFA, NFA.

* A computational model is required that can recognize some Context Free Language (CFL).

* Based on the definition of the language to be recognized, additional memory with rule of
access is required to construct such computational model.

 Push Down Automata (PDA) is the computational model that can recognize some Context Free
Language (CFL).

* PDA contains additional memory with the LIFO (Last In First Out) access rule. That is, it
maintains a stack where an element is pushed down the stack.

e Hence the name Push Down Automata.



State

P U S H DOW N AU TO MATA(NON-REGULAR LANGUAGES) Control

* Have an extra component called stack.

Schematic of a pushdown automaton

e Stack provides additional memory beyond the finite amount available in the control.

* Schematic of a pushdown automaton
* Control represents the states and transition function

 The arrow on the tape, containing the input string, represents the input head, pointing at the next input symbol to be
read.

* The arrow on the stack points the top element.
e Writing symbol on the stack is referred to as pushing down the symbols.
* Removing a symbol is referred to as popping up.

* The top symbol of the stack can be read and removed at any time.



FORMAL DEFINITION

* A pushdown automaton is a 6-touple (Q, %, I, 9, q,, F), where Q, Z, I', and F are all
finite sets and

e Qis the set of states,
e J isthe set of alphabet,
* 2 =2U g}
I' is the stack alphabet,
e I'=T U {e}
e 0:Qx2 . xI'.>AQxT))

 Domain of the transition function is the current state, next input symbol read, and top symbol
of the stack.

* Because of the nondeterminism, i.e. several legal next moves, o returns a set of members, each
containing the next state and the next stack symbol.

do€Q is the start state, and

F < Qis the set of accept states



EXAMPLE: PDA

e L={0"1" | n>0}

- M=(Q,2,T,3,qy F), where
* Q={qy, 0, d3, du},

2.=10, 1},

I'={0, S},

* Test for an empty stack is done by initially placing a special symbol S on the stack. If it
ever sees the sign S again, it knows that the end of stack effectively is empty.

F= {qli q4};
d is given in the following table, wherein blank entries signify .

Input: 0 i €
Stack: 0| 9% € 0 $|1e]0 $ g
Ay {(0z, $)}
ep (92, 0);} {(as, €)}
Qs {(q3, &)} {(q4, &)}
4y




EXAMPLE - STATE DIAGRAM

« We write “a, b =2 ¢” to signify that when the machine is reading an a
from the input it may replace the symbol b on the top of the stack with a c.

» State diagram for the PDA M that recognizes {0"1" | n > 0}

Input

A | . |
0O|0|0(1]|1|1
iy 0; €2 *0
@ @ — 0
o O
o ZAORS S
— O

il i

NI —Pl $
@ Stack



TRANSITION TABLE — STATE DIAGRAM

2 Jis given in the following table, wherein blank entries signify .

{(9s, €)}

|
I Y I N Y
T I N N I I S

o e =y

IR — ¢

=0 > ¢
4
e, $2 ¢ @
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Input string

.02 b dill

-y .,

*

Remark: the input string is never empty TG

89



Move Left

rffffff,'l;-f.ll Il | | 1Ly 'l,\l.\L
r . |
0ot 096 0% ¢

-
a -
= <
] . g
=~ N g )
r '
- M ;
" [}
I
« L] |
- 1 f
\ /!
\ /
. Y s ’
\\ o
-« AN
v

90



-----------

s "‘f‘f’l’;"'f'-lI AERRAN AR
ot -'qﬁ 08 ¢

current state. S

91



O
Ola b a Cc| . OdetnEe

I
> J'ffll,l'l,"-!'.::
NI SR

0_'6

93



= i,

L

i e
. i

el LTI L

LT :
rr f”-’fn'_rll'. TERA

ot 096 08 0

-
. -
= ’
] R ’
- . ‘ !
Ll '
- . ]
. ]
I
. L]
- R L
\ !
\ ;
o Y — ’
\\ 3
« Pr-k
v

97



-----------

e :
o TR

o | L
ot ‘d 6 08 0

98



e Final states have no outgoing transitions . \ :

¢ |In a final state the machine halts Ty

99



If machine halts
in a non-final state .

Reject Input '
' " If machine enters , g
an infinite loop | | ,
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1. Finite Automata and Pattern Matching

Finite automata, both deterministic (DFA) and non-deterministic (NFA), are widely used in pattern matching, which
powers tools like:

*Text editors: Identifying specific patterns in text.

*Spam filters: Detecting harmful phrases or URLs in emails.

*Programming languages: Lexical analyzers in compilers use finite automata to recognize tokens.

2. Regular Expressions in Search and Validation

Regular languages are implemented as regular expressions, critical for tasks like:

*Web development: Validating email addresses, phone numbers, and user input in forms.

*Data extraction: Extracting structured information, such as dates or IDs, from unstructured data.
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A mathematical problem is computable if it can be solved in principle by a computm d

In the 1930’s, well before there were computers, Goédel, Turing, and Chur h
all mathematical problems are computable in a computing deVIc p—

There is an extensive study and classification of

Which mathematical problems are computab an
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COMPUTABILITY HISTORY

e David Hilbert’s Tenth Problem in 1900 states that a given
Diophantine equation (polynomial equation with integral coefficients) is
solvable in rational integers using a finite number of operations.

* Hilbert came up with the term “entscheidungsproblem” (decision problems)
which is the pre-version to the NP-problem that we currently know as SAT
(satisfiability problem) in computing science, in 1928.

 In 1930s, various mathematicians — Alonzo Church, Kurt Godel, Stephen
Kleene, Markov, Emil Post, and Alan Turing, independently defined what it
means to be computable.

 They defined Lambda calculus, Recursive functions, Formal systems, Markov
algorithms, Post (abstract) machine, and Turing (abstract) machine models,
which are equivalent to each other.

* In 1930 & 1931, Mr. Godel gave his Completeness and Incompleteness
theorem. A few years later, Church and Turing independently proved that
the entscheidungsproblem is unsolvable.
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qo € Qs the start state
q, € Qis the accept state
qr € Qs the reject state, and q; # q,
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If A is not proper DFA t

«  Makesets with initially S={q,} @
*  Repeat |Q] times: | ; o
. If S has an element in F then “reject” - '
. Otherwise, add to set S, all the elements that can be 8- reached from S. i.e., “If 3g;€S and JueX with 3(q;,u)=q;, then q; added
to S”.

. If final SNF = & then “accept”
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ote" ”L(A) L(B)” is equwalent with an empty
symmetric difference between L(A) and L(B). 8
This difference is expressed by standard DFA
transformations: union, intersection, complement.
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o DeC|de W|th the TM of the previous theorem
- whether ornot CeEy,

* If CeEyp, then “accept”;
If CZE¢, then “reject”
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Proof Idea:
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allprlme numbers between 1000 and 2000 can be solved using a straightforward algorithm. In

terms of a Turing machine, a problem is deudab if the machine halts on every input with a "yes" or
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cidable prol Biems are tho ithm can provide a correct answer in finite time.
W hile : ey may be partlally decidable, the 1 ﬁgu s be cases where a Turing machine enters an
infinite I00p without producing a result. For. example, Fermat's Theorem is an undecidable problem
because a Turing machine attempting to find a contradiction for the equation an+bn=cna”n + b*n =

cnan+bn=cn (where n>2n > 2n>2) might run indefinitely without reaching a conclusion.




COMPARISON: DECIDABLE VS.
UNDECIDABLE PROBLEMS

Problems that can be solved by an algorithm that always gives a correct answer in

L Problems where no algorithm can give a solution for all possible cases.
a finite time.

Always solvable using a step-by-step process (algorithm). Cannot be solved for all inputs using a single algorithm.

There is an algorithm that works for every input and always finishes with an

No algorithm can solve the problem for every input.
answer.

The algorithm stops (halts) and gives an answer for every input. The algorithm might never stop for some inputs, or no algorithm exists.

Problems like checking if a number is even or odd, or if a string belongs to a regular Examples include the Halting Problem, where you can’t always tell if a
language (like finding a match in a search). program will finish running or run forever.

There’s a clear method to always reach a correct conclusion. No guaranteed method exists to solve the problem in every case.

May be complex but can always be computed. Too complex to compute in general, and no universal solution exists.

Useful in practical computing tasks like compiling code or searching for text Helps understand the limits of what computers can do, showing what
patterns. problems are beyond computation.
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e What makes some problems hard and others easy (computationally) and how do
we NELE hard problems ea5|er’?

« Complexity Theory addresses these guestions
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AUTOMATA THEORY

 Deals with the definitions and properties of mathematical models
of computation

 Finite automaton (used In text processing, compilers, hardware
design)

« Context-free grammar (used in programming languages and
artificial  intelligence)



i = K Sl
£y {

o 0 | 'A‘ "". e
» : P ==y <
O S0Ive SOI1 e $peC| » -
J . LI 3

X |
T
,

> We will focus on “solving problems”
» Whatis a “problem”?

We can view a problem as a mapping of “inputs” to “outputs
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POLYNOMIAL TIME REDUCTION

=)

We say a language is polynomial time (Karp) reducible to a
if there’s a polynomial time computable function s.t.

language
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WHAT IS AN NFA

e An NFA is an automaton that its states might
have none, one or more outgoing arrows
under a specific symbol.

"y d

A\

e From gy with 1 we can be either in gy or q5.

e No outgoing arrows under O or 1 from q;.



WHAT IS AN NFA

e An NFA is an automaton that its states might

have none, one or more outgoing arrows
under a specific symbol.

() *(E)
e A DFA is by definition an NFA (each state has

exactly one outgoing arrow under each
symbol).



WHAT IS AN

NFA

e An NFA, is an NFA that might have c-moves. In
an c-move we can transport from one state to
the other without having any symbols.

@)

L\ Y\

e From gy with 1 we can be eitherin ggor q,.



WHAT IS AN

NFA

e An NFA, is an NFA that might have c-moves. In
an c-move we can transport from one state to
the other without having any symbols.

@)

L\ Y\

e An NFA is by definition an NFA, (but with no c-
moves).



NFA  NFA, COMPUTATION

e An Non-Deterministic FA can have choices. If
there are two possible transitions under a
specific symbol, it can choose either of them
and follow it.

e Given some input string, there might be more
than one paths to follow. Some of them might
fail but, in order to accept, it suffices to find
one that succeeds.



J | here ex:sts a path
| oflow ng transiti nder the symbols of s
‘ consecutlv y, the t éeﬁds to an accepting state.




EXAMPLE

oo

AT

 This automaton accepts the String 1110 because thereisa path under 1110 that
takes US O @N accepting state

e (the path 4 1q9y,41q9y4!qyd? qq).



EXAMPLE

0500

-\

* This automaton accepts the String 1110 because thereisa path under 1110 that
takes US TO AN accepting state

* (the pathgyd 1 41 qgp4!qy4d° qy).



EXAMPLE

6520

-\

* This automaton accepts the String 1110 because there isa path under 1110 that
takes US O an accepting state

* (the path qp4 1qg,41 41 q,49 qq).



EXAMPLE

L5920

-\

 This automaton accepts the String 1110 because thereisa path under 1110 that
takes US TO an accepting state

* (the path g4 1qg4t! qp4! 49 q,).



EXAMPLE

N\

* This automaton accepts the String 1110 because thereisa path under 1110 that
takes US TO aN accepting state

-\

* (the path g4 1qg4! qed!qe4d?® qy).



EXAMPLE

£
“Qﬁﬁl

e And that is so despite the fact that there are

some other paths under 1110 which do not
lead to an accepting state

(for example the path 41 q,41! qo).




EXAMPLE

0520

-\

e And that is so despite the fact that there are

some other paths under 1110 which do not
lead to an accepting state

(for example the path g, 4! 41 qg).



EXAMPLE

N\
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e And that is so despite the fact that there are

some other paths under 1110 which do not
lead to an accepting state

(for example the path g4 qy41! qp).



EXAMPLE
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e However it doesn't accept the string 00
because there are no paths under 00 to take
us to qj.

(only possible pathis 40 q,49 q).



EXAMPLE

N\

-\

e However it doesn't accept the string 00

because there are no paths under 00 to take
us to qj.

(only possible path isq 4 © 490 qo).



o P
O
e However it doesn't accept the string 00

because there are no paths under 00 to take
us to qj.

0

(only possible pathis g4 9 g,4° qg).



NFA - NFA- ACCEPTANCE

e The language that a Non—Deterministic FA
recognizes is the set of strings which accepts.

e To see whether a string can get accepted or
not, it suffices to find the set of all possible
states in which the automaton can be
following all possible transitions suggested by
this string as an input and see if a final state is
contained in this set.



NFA ACCEPTANCE

e Whenever an arrow is followed, there is a set

of possible following states that the NFA can
be. This set of states is a subset of Q.

e For example with input being 0010 | have the
following sequence of sets of states:

[0 {%}{qoaQQ}—){qO:ql}{quqla‘?Q

0




S NFAMORE POWERFUL THAN
DFA?

e Designing an NFA is sometimes mush easier
than constructing a DFA. For example, the
following NFA recognizes the language of all
binary strings that end with 010.

0,1
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NFA —DFA EQUIVALENCE

e An NFA might have more than one or no
transitions under some symbol of the
alphabet.

OB

(@)

P




NFA  DFAEQUIVALENCE

e An NFA might have more than one or no
transitions under some symbol of the
alphabet.

e | can simulate all possible transitions in one
new state. This state should contain all the
reachable states under the same symbol.

’ N\
0‘0 ()—=—()
J




NFA —DFA EQUIVALENCE

e The new DFA can possibly contain one state
for each subset of states of the NFA.

e Since all the subsets of Qare 2! | total, this
should be a finite (6 2!D) number of subsets!

e The NFA accepts if there is at least one path
that takes us to an accepting state. Thus, each
subset-state of the DFA containing an
accepting state of the NFA should be an
accepting one.



NFA =2 DFA

Suppose that you want to find an equivalent
DFA for an NFA . The algorithm is the
following:

e Starting from the start state and for each
symbol in the alphabet, find the subset of
states that can be reached after following this
symbol and create a new state for each
subset.



pea e S ess for every new
su bset—state that yaU“a re creating...
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st Repea ame pr ess for every new
: "_ e subset-state that y@u are creating...

e .. until no new subset-state can be created.



NFA —DFA EQUIVALENCE (EXAMPLE)

To find an equivalent DFA to the NFA of the
figure we complete the following table:

0 g
g |q | 19« g ”
. @A@

lg o2 » =
lk gl Ik g i2l t< all

g o Incl (Bo all

bvg g2 lg g A Ig all



NFA  DFA EQUIVALENCE E).(AI\/IPLE

do {9,} {90, a1}
{q,} {do, 95} 0

{do, a1} {ap, a1, 92} {ap a4}

iq q2i {9,} {90, 1}
0 0 0

99,0} I 2 1 qI
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NFA, NFA EQUIVALENCE

e Suppose that | have an c-move like the one
shown in the figure. Since an c-move is like
teleporting from q, to q,, | can remove the
c-move and add transitions from q directly
to every neighbor of g,.

-Io.e



NFA, —NFA EQUIVALENCE

e |f an c-move takes me from q,to g, and q, is
an accepting state, then, when removing the
c-move, | should convert g, to an accepting

state.

(D)0 @)

0
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FEEDBACK AND FUTURE DIRECTIONS ABOUT FINAL TERM

» Decidability and Computability: Understanding what problems computers can and cannot solve.
» Complexity Theory: Measuring the efficiency of algorithms and identifying their limitations.

» Equivalence of NFA & DFA: Core principles of automata theory with practical applications.



#

Tl
oble

5

gl ':r: 5 il s i
I-World Impact: These ideas guide
AT ..f > . )

)

L/

rovide a solution (e.g

A _...' . < . ‘ .
k such universal solutions.
= ' © '0

vd&

ndaries of software and hardware capabilities.

ey




| 5 s .
LA ] : < e ,
d on resources like time and meméry;”f/,” .

.u»i- f z "lrl'll,l'll'll'|. TERR

L : ‘. =K op RN

‘  tha asy to verify also be solved efficiently? oo g6 0°

" 'q".- .4 ™ ; ‘@ )
tasks like data analysis, cryptography, and scheduling. T
) b . o » & | [




.......
.............

e

i » .
"1' . y : Ocr < I .
J"IIJ,I||I|||||I|I'.I'\,I"..

regular Ianguages but differ in complexity.
7? | es and pattern-matching systems. e
N + I .{ ,.'I. }f
n " ’ ) Ej L ;'-b /f’
- r}"; m



AR

. D ] 11
I‘ .
Q6 08 |

KNy



. BN
-

A
4
e
'l - B ]
Yy

-
I|

se appllc ion of Theo *, of Computatlon concepts in

a Documentatlon or Presentation.



------------

Wiy

amination revision and recap covering the entire course content

g &;‘..
P o . o
2 ' .

. y ¥
-

L e o - -



	Slide 1: Theory of Computation
	Slide 2
	Slide 3: Summary of Course Content
	Slide 4: Assessment Pattern
	Slide 5
	Slide 6
	Slide 7: Week 1
	Slide 8: Theory of Computation
	Slide 9: Complexity theory
	Slide 10: Computability Theory
	Slide 11: Automata theory
	Slide 12: Theory of Computation
	Slide 13: Week 2
	Slide 14: Finite Automata
	Slide 15: Finite State Machine
	Slide 16: Definition of Finite Automata
	Slide 17: Finite Automata Model
	Slide 18: Example
	Slide 19: Terminology
	Slide 20: Simulation
	Slide 21: Types of Automata
	Slide 22: Types of Automata
	Slide 23: Types of Automata
	Slide 24: Difference between DFA & NFA
	Slide 25: Week 3
	Slide 26: Types of Automata
	Slide 27: Types of Automata
	Slide 28: Types of Automata
	Slide 29
	Slide 30
	Slide 31: DFA
	Slide 32: Formal Definition of a DFA
	Slide 33
	Slide 34
	Slide 35: Nondeterministic Finite State Automata (NFA)
	Slide 36: Properties of NFA
	Slide 37: Running an NFA
	Slide 38: Example
	Slide 39: Week 4
	Slide 40: Example
	Slide 41: Example
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56: Symbol
	Slide 57: Alphabet
	Slide 58: String
	Slide 59: Length of String
	Slide 60: Empty String
	Slide 61: Language
	Slide 62: Power Of Σ
	Slide 63: Σ*
	Slide 64: Set
	Slide 65: CFG
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79: Foundations
	Slide 80: The Turing Machine
	Slide 81: Turing Machines
	Slide 82: The Language Hierarchy
	Slide 83
	Slide 84: A Turing Machine
	Slide 85
	Slide 86
	Slide 87
	Slide 88: The Input String
	Slide 89
	Slide 90: States & Transitions
	Slide 91
	Slide 93
	Slide 97: Halting
	Slide 98
	Slide 99: Final States
	Slide 100: Acceptance
	Slide 101: Turing Machine Example
	Slide 102
	Slide 103
	Slide 104
	Slide 105
	Slide 106
	Slide 107
	Slide 108
	Slide 109: Infinite Loop Example
	Slide 110
	Slide 111
	Slide 112
	Slide 113
	Slide 114
	Slide 115: Another Turing Machine Example
	Slide 116
	Slide 117
	Slide 118
	Slide 119
	Slide 120
	Slide 121
	Slide 122
	Slide 123
	Slide 124
	Slide 125
	Slide 126
	Slide 127
	Slide 128
	Slide 129
	Slide 130
	Slide 131
	Slide 132
	Slide 133
	Slide 134: Week 10
	Slide 135: Week 11
	Slide 136
	Slide 137
	Slide 138: Definition: Turing Machine
	Slide 139: Emptiness Testing
	Slide 140: DFA-Equivalence
	Slide 141: DFA-Equivalence
	Slide 142
	Slide 143: Decidable and Undecidable Problems in Theory of Computation
	Slide 144: Decidable
	Slide 145: Semi Decidable Problems
	Slide 146: Undecidable Problems
	Slide 147: Comparison: Decidable vs. Undecidable Problems
	Slide 148: Week 12
	Slide 149
	Slide 150
	Slide 151: Automata Theory 
	Slide 152: Complexity Analysis 
	Slide 153: Complexity classes        P and NP
	Slide 154: Recap: Decision Problems
	Slide 155: Recap: Decision Problems
	Slide 156: Recap: Complexity Class P
	Slide 157: Complexity Class P :  Examples
	Slide 158: Polynomial time Turing Machines
	Slide 159: Class (functional) P
	Slide 160: Class (functional) P
	Slide 161: Class (functional) P
	Slide 162: Class (functional) P
	Slide 163: Complexity Class FP :  Examples
	Slide 164: Complexity Class FP :  Examples
	Slide 165: Complexity Class FP :  Examples
	Slide 166: Complexity Class NP
	Slide 167: Complexity Class NP
	Slide 168: Complexity Class NP
	Slide 169: Complexity Class NP
	Slide 170: Complexity Class NP
	Slide 171: Complexity Class NP
	Slide 172: Complexity Class NP
	Slide 173: Class NP :  Examples
	Slide 174: Class NP :  Examples
	Slide 175: Class NP :  Examples
	Slide 176: Class NP :  Examples
	Slide 177: Polynomial time reduction
	Slide 178: Polynomial time reduction
	Slide 179: NP-completeness
	Slide 180: NP-completeness
	Slide 181: Class P and NP :  Examples
	Slide 182: A natural NP-complete problem
	Slide 183: A natural NP-complete problem
	Slide 184: A natural NP-complete problem
	Slide 185: A natural NP-complete problem
	Slide 186: A natural NP-complete problem
	Slide 187: A natural NP-complete problem
	Slide 188: Week 13
	Slide 189: NFA, - NFA - DFA equivalence
	Slide 190: What is an NFA
	Slide 191: What is an NFA
	Slide 192: What is an NFA
	Slide 193: What is an NFA
	Slide 194: NFA NFA, computation
	Slide 195: NFA — NFA, computation
	Slide 196: Example
	Slide 197: Example
	Slide 198: Example
	Slide 199: Example
	Slide 200: Example
	Slide 201: Example
	Slide 202: Example
	Slide 203: Example
	Slide 204: Example
	Slide 205: Example
	Slide 206: Example
	Slide 207: NFA - NFAc acceptance
	Slide 208: NFA acceptance
	Slide 209: Is NFA more powerful than DFA?
	Slide 210: NFA DFA equivalence
	Slide 211: NFA — DFA equivalence
	Slide 212: NFA DFA equivalence
	Slide 213: NFA — DFA equivalence
	Slide 214: NFA —2 DFA
	Slide 215: NFA —2 DFA
	Slide 216: NFA —2 DFA
	Slide 217: NFA — DFA equivalence (example)
	Slide 218: NFA DFA equivalence (example)
	Slide 219: NFA, — NFA equivalence
	Slide 220: NFA, NFA equivalence
	Slide 221: NFA, — NFA equivalence
	Slide 222: Example
	Slide 223: Example
	Slide 224: Example
	Slide 225: Example
	Slide 226: Example
	Slide 227: Example
	Slide 228: Example
	Slide 229: Example
	Slide 230: Example
	Slide 231: Week 14
	Slide 232: Revision and Recap
	Slide 233: Week 15
	Slide 234: Feedback and Future Directions about Final Term
	Slide 235
	Slide 236
	Slide 237
	Slide 238: Week 16
	Slide 239: Final Documentation/Presentation
	Slide 240: Week 17

